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In this lecture I review recent results on the first order equations describing BPS extremal states, in particular 
N = 2 extremal black-holes. The role of special geometry is emphasized also in the rigid theory and a comparison is 
drawn with the supersymmetric derivation of instantons and hyperinstantons in topological field theories. Work 
in progress on the application of solvable Lie algebras to the discussion of BPS states in maximally extended 
supergravities is outlined. 


1. INTRODUCTION 

Supersymmetry has been the most powerful 
tool to advance our understanding of quantum 
field theory and, in its iV = 1,£) = 4 spon¬ 
taneously broken form, it might also be experi¬ 
mentally observable. The locally iV-extended su¬ 
persymmetric field theories, namely iV-extended 
supergravities, are interpreted as the low energy 
effective actions of various superstring theories 
in diverse dimensions. However, since the du¬ 
ality revolution of two years ago Q, we know 
that all superstring models (with their related 
effective actions) are just different corners of a 
single non-perturbative quantum theory that in¬ 
cludes, besides strings also other p-brane exci¬ 
tations. Indeed in dimensions D ^ 4 the du¬ 
ality rotations [|| from electrically to magneti¬ 
cally charged particles (= 0-branes) generalize to 
transformations exchanging the perturbative ele¬ 
mentary p-brane excitations of a theory with the 
non-perturbative solitonic D — p — 4-brane ex¬ 
citations of the same theory. The mass per unit 
world-volume of these objects is lower bounded 
by the value of the topological central charge ac¬ 
cording to a generalization of the classical Bo- 
gomolny bound on the monopole mass. In the 
recent literature, the states saturating this lower 
bound are named BPS saturated states and 
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play a prominent role in establishing the exact du¬ 
ality symmetry of the quantum theory since they 
are the lowest lying stable states of the non per¬ 
turbative spectrum. They are characterized by 
the fact that they preserve, in modern parlance, 
1/2 of the original supersymmetries. What this 
actually means is that there is a suitable projec¬ 
tion operator = Pbps acting on the su¬ 

persymmetry charge Qsusy, such that: 

(JPbps Qsusy) I bps state > = 0 (1) 

Since the supersymmetry transformation rules of 
any supersymmetric field theory are linear in 
the first derivatives of the fields eq.(|^) is actu¬ 
ally a system of first order differential equations 
such that any solution of (|^ is also a solution 
of the second order field equations derived from 
the action but not viceversa. Hence the case of 
BPS states, that includes extremal monopole and 
black-hole configurations, is an instance of the re¬ 
lation existing between supersymmetry and first- 
order square roots of the classical field equations. 
Another important example of this relation is pro¬ 
vided by the the topological twist of super- 
symmetric theories to topological field theories |Q . 
What happens here is that, after Wick rotation 
to the Euclidean region, there is another projec¬ 
tion operator = Pbpst acting on the 

supersymmetry charge Qsusy, such that: 

O^BRST Qsusy) | Instanton > = 0 


( 2 ) 



2 


In the case of topological field theories the pro¬ 
jected supersymmetry charge is interpreted as the 
B-RST-charge Qbrst associated with the topo¬ 
logical symmetry and the generalized instanton 
configurations satisfying eq. being in the ker¬ 
nel of Qbrst, are representatives of the cohomol¬ 
ogy classes of physical states. For the same reason 
as above (||) are first order differential equations. 

In this lecture I will illustrate the relation be¬ 
tween supersymmetry and the first order differen¬ 
tial equations for either BPS states or generalized 
instantons with examples taken from both rigid 
and local N = 2 theories in Z? = 4. Here the 
recently obtained fully general form of = 2 
SUGRA and N = 2 SYM Q allows to match the 
structure of Special Kahler geometry [^|-p4| with 
the structure of the first order differential equa¬ 
tions. In particular a vast number of results were 
recently obtained for the case of iV = 2 extremal 
black-holes liMl, [EM3 , [^. The main idea 
will be reviewed in section In sections ^ 
and ^ the distinction between the equations for 
N = 2 BPS-saturated monopoles and those for 
the gauged hyperinstanton will be drawn. 

Finally a short report of work in progress on the 
application of solvable Lie algebras to the first or¬ 
der equations for RPS'-saturated states in maxi¬ 
mally extended supergravities will be given. 

2. CENTRAL CHARGES 

Let us consider the D = A supersymmetry al¬ 
gebra with an even number N = 2u ol supersym¬ 
metry charges. It can be written in the following 
form: 

{QAi\a , QBj I/3} 

i {C Pa Sab % — Cap cab x 
(A,R = 1,2 ; i,j = l,...,R) (3) 

where the SUSY charges Qai = Q\ilo = Qm C 
are Majorana spinors, C is the charge conjuga¬ 
tion matrix, Pa is the 4-momentum operator, cab 
is the two-dimensional Levi Civita symbol and 
the symmetric tensor Zy = Z^^ is the central 
charge operator. It can always be diagonalized 
^ij = Sij Zj and its v eigenvalues Zj are the cen¬ 
tral charges. 


The Bogomolny bound on the mass of a gener¬ 
alized monopole state: 

M>\Z,\ 'iZ,,i=\,...,v (4) 

is an elementary consequence of the supersymme¬ 
try algebra and of the identification between cen¬ 
tral charges and topological charges. To see this it 
is convenient to introduce the following reduced 
supercharges: 

^Ma = 2 {QaHO iiCAsOsOc 

They can be regarded as the result of apply¬ 
ing a projection operator to the supersymmetry 
charges: 

^Ai = Qsi ^%A 

^BA = \ {'^Sba ± ieBA7o) (6) 

Combining eq.(^) with the definition (D and 
choosing the rest-frame where Pa = (M, 0,0, 0) 
we obtain the algebra: 

} = ±e^c G {M T Zi) 5,, (7) 

By positivity of the operator it fol¬ 

lows that on a generic state the Bogomolny bound 
(Q) is fulfilled. Furthermore it also follows that 
the states which saturate the bounds: 

(M ± Zi) |BPS state,i) = 0 (8) 

are those which are annihilated by the corre¬ 
sponding reduced supercharges: 

|BPS state,*) = 0 (9) 

3. BPS STATES IN RIGID N=2 SUPER- 
SYMMETRY 

The most general form of a rigid N=2 super 
Yang-Mills Lagrangian was derived in |^: its 
structure is fully determined by three geometrical 
data: 

• The choice of a Special Kahler manifold of 
the rigid type 5/C'’*® describing the vector 
multiplet couplings 
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• The choice of a HyperKahler manifold HK. 
describing the hypermultiplet dynamics 

• The choice of a gauge group c 

subgroup of the isometry group of both 

and UK 


The bosonic action has the following form: 


rBose _ 

^N^2SUSY — 

<7y. + Ky 9“ 9“ 

- V(z,z, q) 

+ i (10) 

where the scalar potential is expressed in terms 
of the Killing vectors fc}, fcy generating the gauge 
group algebra on the scalar manifold SIC 0 H Q, 
of the upper half Y'^{z) of the symplectic sec¬ 
tion of rigid special geometry and also in terms 
of the momentum map functions Vf{q) yielding 
the Poissonian realization of the gauge group al¬ 
gebra on the HyperKahler manifold: 


-V{z,z,q) = 

9^ (grj* k] k^j + 4 huvkj k}) Y Y-^ 
+ 9^^* fl 


( 11 ) 


The kinetic term of the vectors in ( 0 ) involves 
the period matrix A//j, which is also a datum of 
rigid special geometry. 

If we restrict our attention to a pure gauge the¬ 
ory without hypermultiplets, and we calculate the 
energy of a generic static configuration {i.e = 
0, \7qz^ = 0), we obtain: 


E = Jd^x [imAA/jF/j F/j, 

+ 9^r + 9 " 9^J* k\ k^j Y^ (12) 

Using the special geometry identity: 

^ 9 *^* //. fi =- \ (ImAA)-il" (13) 

the energy integral (0) can be rewritten accord¬ 
ing to a Bogomolny decomposition as follows: 

E = J d^x^gij* (2iG),j ± EabcVcU) 


X (-2iGrfc 


i ^abc^ 


+ / (Px g'^ Qij* kj k^j (15) 

± / d^X ieabc (Gf,VeF - G^,VeZ^*) (16) 

where, by dehnition: 

G;, = 9*'* //* ImAA.jF/, ; (17) 

The last (^ of the three addends contributing 
to the energy is the integral of a total divergence 
and can be identified with the topological charge 
of the configuration: 

Z = ImAfijF^ ImY'^ 

= 2 ImAfijF^ A VlrnF^^ 

= / d^xie^tc (GffcV.U - G^.VeZ^*) 9.,* (18) 

where is the 2-sphere at infinity bounding a 
constant time slice of space-time. Since the other 
two addends 0),(0) to the energy of the static 
configuration are integrals of perfect squares, it 
follows that in each topological sector, namely at 
fixed value of the topological charge Z the mass 
satisfies the Bogomolny bound (^. Furthermore 
a BPS saturated state (monopole or dyon) is de¬ 
fined by the two conditions: 

2iG^j,±eahcV,F = 0 (19) 

g^g,,,k\k^jY^YJ = 0 (20) 

The relation with the preservation of 1 super- 
symmetries can now be easily seen. In a bosonic 
background the supersymmetry variation of the 
bosons is automatically zero since it is propor¬ 
tional to the fermion fields which are zero: one 
has just to check the supersymmetry variation of 
the fermion fields. In the theory under consider¬ 
ation the only fermionic field is the gaugino and 
its SUSY variation is given by (see ^): 

= 

iV^F {Gfl 7 ^^ + k\Y^) eg (21) 

If we use a SUSY parameter subject to the con¬ 
dition: 

7oe^ = iie^^es (22) 

then, in a static bosonic background eq.(pl|) be- 
comes: 

= 


(14) 
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-ii (2iG^,±eafc,V,z*) 

+ k\Y^ €B 

Henceforth the configuration is invariant under 
the supersymmetries of type (|^) if and only if 
eq.(|^ is satisfied together with: 

k]Y^ = 0 (24) 

Eq.(g4) is nothing else but the square-root of 
eq.(pO^. So we can conclude that the BPS sat¬ 
urated states are just those configurations which 
are invariant under supersymmetries of type (|^). 
On the other hand, these supersymmetries are, by 
definition, those generated by the operators (||). 
So by essential use of the rigid special geometry 
structure we have shown the match between the 
abstract reasoning of section || and the concrete 
field theory realization of BPS saturated states. 

4. HYPERINSTANTONS IN RIGID N = 
2 SUPERSYMMETRY 

As an exemplification of the alternative case, 
namely of the relation between supersymmetry 
in the Euclidean region with the first order equa¬ 
tions determining generalized instanton config¬ 
uration let us reconsider the complete bosonic 
lagrangian for a rigid N = 2 theory and 
let us put the vector multiplet scalars to zero 
Y^ = 0, while keeping the hypermultiplet ones. 
This choice yields the gauge-fixed, ghost-free sec¬ 
tor of the topological field theory associated with 
the considered N = 2 theory. Indeed, when ap¬ 
plying the topological twist procedure, as defined 
in [QH] , the physical fields are identified with the 
gauge bosons and with the hypermultiplet 
scalars while all the other fields, including all 
the fermions and the vector multiplet scalars are 
ghosts. Explicitly the ghost-free lagrangian, ro¬ 
tated to Euclidean space, is: 

= -i {k^iJ FfJ Fffif -AfiJ F^J^ 

+huv V.g" 

3 

(25) 

x—1 

Using the identities of rigid special geometry (see 
^), the Euclidean action = f d'^x can be 


-AB 


(23) 


rewritten as: 



(26) 

(27) 

(28) 


where the first two terms are topological integrals, 
the first being a Chern class, the second the prod¬ 
uct of the gauged HyperKdhler class of the target 
manifold (pull-back thereof): 

K- = + Vf A da:"(29) 

with the triplet of antiself-dual 2-forms 0““, 
satisfying the quaternionic algebra, that are de¬ 
fined on the world manifold, namely on Euclidean 
space-time. From the topological field theory 
viewpoint the first two addends to the Euclidean 
action ( p^ and (^) constitute the classical ac¬ 
tion. The remaining two terms ( p^ that are 
perfect squares constitute the gauge fixing terms. 
The gauge fixing conditions are the following two 
first order differential equations: 

0 = = F^J -\- 

3 

X — 1 

0 = = 

X — 1 

Eq.s ( p0| ) and (|^ ) correspond to a generaliza¬ 
tion of the classical instanton equations of Yang- 
Mills theory. Rather than stating that the field 
strength is self-dual eq.(^) relates its antiself 
dual part to an algebraic expression in the matter 
fields (=the momentum map Vj). At the same 
time the map 


(30) 

(31) 


q ' Adworld ^ Adtarget 

from space-time to the target manifold is con¬ 
strained to be a triholomorphic map by eq.(|M|). 
Indeed this first order equation is a generalization 
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to curved manifolds of the Cauchy Fueter equa¬ 
tions, that is the quaternionic version of Cauchy 
Riemann equations for holomorphic maps. 

Field configurations satisfying the first order 
equations (H) were named gauged hyperin- 
stanton by the present author in a series of papers 
written in collaboration with D. Anselmi 
At fixed topological numbers (=the value of the 
integrals (p^,(|2^) ) the hyperinstanton configura¬ 
tion corresponds to the absolute minimum of the 
Euclidean action. Furthermore in the topologi¬ 
cal field theory the functional integral is reduced 
to an integral over the moduli space of hyperin- 
stantons. Indeed in the topological field theory 
each hyperinstanton is a representative of an en¬ 
tire orbit of the classical symmetry group, that is 
the deformation group of connections and maps. 
Hence reducing the path integral to orbit space 
we obtain a summation over hyperinstantons. 

As shown in ti and further discussed in | p0| , 
eq.s (p0|),(|^) are obtained by setting to zero 
the SUSY variation of the gaugino and of the 
hyperino with respect to a certain combination 
of the 8 SUSY parameters e°‘^. This combi¬ 
nation is derived in the following way. In the 
Euclidean region the Lorentz group S'0(l,3) be¬ 
comes SU{2)l ® SU{2)r which makes a triplet 
os SU{2) groups with SU{2)i, the automorphism 
group of the N = 2 SUSY algebra. With respect 
to the group SU{2)l ® SU (2)^ 0 SU (2)/ the pa¬ 
rameters fall in the following representations 


e 


ctA _ 




(33) 


The appropriate combination of SUSY parame¬ 
ters used in this game is the component of e“^ 
which is a singlet with respect to the diagonal 
SU (2)dia3 = diag {SU (2)l 0 SU (2)/). The topo¬ 
logical field theory interpretation of this fact is 
that, after topological twist, the corresponding 
SUSY generator is reinterpreted as BRTS charge 
and the gaugino and hyperino fields of a certain 
chirality as antighosts. Hence their BRST varia¬ 
tion is, by definition, the gauge-fixing condition. 

In the current literature, the hyperinstanton 
eq.s (H),® are often named Seiberg-Witten 
monopole equations. Yet it should be noted that 
they are instanton-like and not monopole equa¬ 


tions. Indeed they occur in the Euclidean version 
of 4-dimensional space-time and not in 3-space. 
They are obtained from the afore mentioned com¬ 
bination of supersymmetries and not from the 
projected supersymmetry of eq.(|^). They were 
originally discovered by the present author with 
Anselmi in the more general local supersym¬ 
metry context. They were applied by Witten in 
his paper on Monopoles and 4-manifolds where 
they were utilized to calculate Donaldson invari¬ 
ants advocating the results of Seiberg-Witten 
theory [p^ . 

5. BPS BLACK HOLES IN N=2 LOCAL 
SUPERSYMMETRY 

Eq. d^ ) is not Lorentz invariant and introduces 
a clear-cut separation between space and time. 
The interpretation of this fact is that we are deal¬ 
ing with localized lumps of energy that can be 
interpreted as quasi-particles at rest. A Lorentz 
boost simply puts such quasi-particles into mo¬ 
tion. In the gravitational case the generalization 
of eq.(p^) requires the existence of a time-like 
killing vector in order to write: 

fr-i^e^ = CB (34) 

Furthermore, the analogue of the localization con¬ 
dition corresponds to the asymptotic flatness of 
space-time. 

We are therefore led to look for the BPS satu¬ 
rated states of local N = 2 supersymmetry within 
the class of electrically and magnetically charged, 
asymptotically flat, static space-times. Generi- 
cally such space-times are black-holes since they 
have singularities hidden by horizons. Without 
the constraints imposed by supersymmetry the 
horizons can also disappear and there exist config¬ 
urations that display naked singularities. In the 
supersymmetric case, however, the Bogomolny 
bound (Q) becomes the statement that the ADM 
mass of the black-hole is always larger or equal 
than the central charge. This condition just en¬ 
sures that the horizon exists. Hence the cos¬ 
mic censorship conjecture is just a consequence 
of A > 2 supersymmetry. This was noted for the 
first time in |^. The BPS saturated black-holes 
are configurations for which the horizon area is 
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minimal at fixed electric and magnetic charges. 
This result was obtained by Ferrara and Kallosh 
in |p^ , |l^ .They are determined by solving the 
gravitational analogue of the Bogomolny first or¬ 
der equations (^J), obtained from the SUSY 
variation of the fermions. 

If we restrict our attention to the gravitational 
coupling of vector multiplets, the bosonic action 
we have to consider is the following one: 


£ = -^E + g,,* 

+ i - A/’ae.U+a.F+^I'^'^) 

- 9ij* k\ (35) 

where denotes the upper half of a covariantly 
holomorphic section of local special geometry and 
A/as is the period matrix according to its local 
rather than rigid definition (see §,§). Accord¬ 
ing to the previous discussion we consider for the 
metric an ansatz of the following form: 

ds^ = de - (36) 

where x are isotropic coordinates on IR^ and U (r) 
is a function only of: 



As we shall see in the next section, eq.(^) corre¬ 
sponds to a 0-brane ansatz. This is in line with 
the fact that we have 1-form gauge fields in our 
theory that couple to 0-branes, namely to particle 
world-lines. Indeed, in order to proceed further 
we need an ansatz for the gauge field strengths. 
To this effect we begin by constructing a 2-form 
which is anti-self-dual in the background of the 
metric (^) and whose integral on the 2-sphere 
at infinity 5^ is normalized to 27r. A short cal¬ 
culation yields: 


e2t^(r) ^ ^ I 

E~ = i-- —dt A X ■ dx +-—dx° A dx‘^eabc 

j,6 2 


2 TT = 



(38) 


and with a little additional effort one obtains: 


g2(7(r) 1 

1^’' = 2 7aa:“ 70 2 [1 + Ts] (39) 


which will prove of great help in the unfolding of 
the supersymmetry transformation rules. Then 
utilizing eq.(^) we write the following ansatz for 
the gauge field-strengths: 


F, 


-A- 


^1/ 


= 




Att 

complex number 


/ 

Jst 


dx'^ A dx'' 


(40) 


Following the standard definitions occurring in 
the discussion of electric-magnetic duality rota¬ 
tions m (and [||) we also obtain: 

= E~^ (41) 

To our purposes the most important field strength 
combinations are the gravi-photon and matter- 
photon combinations occurring, respectively in 
the gravitino and gaugino SUSY rules. They are 
defined by (see Q): 

r-, = (42) 

= -5'^* fj (ImA^)rA (43) 


The central charge and the matter charhes are 
defined by the integral of the graviphoton ( ^ ) 
(see |I§): 

Z = [ T~ dx^ A dx'^ 

= j G^idx^^Adx'^ 

= (44) 

Using eq.(^ and (^^we obtain: 

Z = L^t^ (45) 


while utilizing the identities of special geometry 
we also obtain: 

= (46) 

where M^{z) is the lower part of the symplectic 
section of local special geometry. Consequently 
we obtain: 

Z = My.p^ - qA 


(47) 
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having defined the moduli dependent electric and 


magnetic charges as follows: 


qA= dx'' A dx'' 

(48) 

J SI, 


= f dx'' A dx" 

d SI, 

(49) 


Alternatively, if following J. Schwarz |^] we define 
the electric and magnetic charges by the asymp¬ 
totic behaviour of the bare electric and magnetic 
fields: 




T^IV ^ , pA ^ ^(mgg) 

Oa — ^3 > ^Oa “ ^3 


we find the relations 

9feZ) = 2 Im =2 Ret'' 

and 


= 


AS 


i|p^ + i(lmA7-i) 

X [(ReA/')2r - gs] 


(52) 


In a fully general bosonic background the N = 2 
supersymmetry transformation rules of the grav- 
itino and of the gaugino are: 

(53) 

= iV^z“7^e^ + G;“7^'"e®£^^ 


kl CB 


where the derivative: 


7ab + i2^^)^^ 


(54) 


(55) 


is covariant both with respect to the Lorentz and 
with respect to the Kahler transformations. In¬ 
deed it also contains the Kahler connection: 




(56) 


As supersymmetry parameter we choose one of 
the following form: 

CA = XA = constant and 


XoX^ = ±ie^^XB 


(57) 


Using the explicit form of the spin connection for 
the metric 


= -daUdte^^ 

= 2d‘^Udx^ (58) 

and inserting the SUSY parameter ( |^ ) into the 
gravitino variation (p^, from the invariance con¬ 
dition (5 V’a|/x = 0 we obtain two equations corre¬ 
sponding respectively to the case /r = 0 and to 
the case fi = a. Explicitly we get: 


(50) 

dU 

— T 2 i (ImA/')As 

df 

1 dU . 1 / 


dr 



„ dz'* \ 

(51) 


dr ) 




.dz^ 


(59) 


(60) 


On the other hand setting to zero the gaugino 
transformation rule (pj) with the SUSY parame¬ 
ter (1^) we obtain: 


fj — / 

^ = T2i,- ^(ImA7)^,^d 


u 


(61) 


In obtaining these results, crucial use was made 
of eq.(|^). 

In this way we have reduced the equations for 
the extremal BPS saturated black-holes to a pair 
of first order differential equations for the met¬ 
ric scale factor U{r) and for the scalar fields 
z*(r). To obtain explicit solutions one should 
specify the special Kahler manifold one is work¬ 
ing with, namely the specific Lagrangian model. 
There are, however, some very general and inter¬ 
esting conclusions that can be drawn in a model- 
independent way. They are just consequences of 
the fact that the black-hole equations are first or¬ 
der differential equations. Because of that there 
are fixed points (see the papers ^JT^) namely 
values either of the metric or of the scalar fields 
which, once attained in the evolution parameter r 
(= the radial distance ) persist indefinitely. The 
fixed point values are just the zeros of the right 
hand side in either of the coupled eq.s (|5^) and 
(1^). The fixed point for the metric equation is 
r = oo, which correpsonds to its asymptotic flat¬ 
ness. The fixed point for the moduli is r = 0. 
So, independently from the initial data at r = oo 






that determine the details of the evolution, the 
scalar fields flow into their fixed point values at 
r = 0, which, as I will show, turns out to be a 
horizon. Indeed in the vicinity of r = 0 also the 
metric takes a universal form. 

Let us see this more closely. 

To begin with we consider the equations deter¬ 
mining the fixed point values for the moduli and 
the universal form attained by the metric at the 
moduli fixed point: 

0 = fj (IniAr)r^ (62) 

rlTf 

^ = T2i(ImAA)^^LV^ (63) 

Multiplying eq.J^ by f^, using the local special 

geometry counterpart of eq. (0: 

ir9“'fj =L'' (64) 

and the definition of the graviphoton field 
strength we obtain: 

0 = (65) 


Hence, using the definition of the central charge 
( ^ ) and eq.(^0|) we conclude that at the fixed 
point the following condition is true: 


1 Zfix L 

2 47r Stt 


( 66 ) 


In terms of the previously defined electric and 
magnetic charges eq.(66) can be rewritten as: 


i {Zfix Zfix 

(67) 

i (Zf,x - Zf,x 

(68) 

-Lj^^qA 

(69) 


which can be regarded as algebraic equations de¬ 
termining the value of the scalar fields at the fixed 
point as functions of the electric and magnetic 
charges gs: 

Lfix = L^iP, ?) —^ Zfix: = Z(p, q) = const (70) 


In the vicinity of the fixed point the differential 
equation for the metric becomes: 


^ ^ Z(p,q) ^ujr) 

dr 47r 


(71) 


which has the approximate solution: 

exp[17(r)] const -I- (72) 

47r r 

Hence, near r = 0 the metric (|^ becomes of the 
Bertotti Robinson type: 

dsln = df - dr^ 

^BR ^ 

— m^BR {Fiv?9 d4>^ + dO^) (73) 


with Bertotti Robinson mass given by: 


I Z(p, q) I 




(74) 


47r 

In the metric (^3|) the surface r = 0 is light-like 
and corresponds to a horizon since it is the locus 
where the Killing vector generating time trans¬ 
lations which is time-like at spatial infinity 
r = oo, becomes light-like. The horizon r = 0 
has a finite area given by: 


Area//= / ^/geeg^ dO dcj) = (75) 

Jr^O 

Hence, independently from the details of the con¬ 
sidered model, the BPS saturated black-holes in 
an N=2 theory have a Bekenstein-Hawking en¬ 
tropy given by the following horizon area: 


Area//= ^ |Z(p,g)p (76) 

47/ 

the value of the central charge being determined 
by eq.s d^). Such equations can also be seen as 
the variational equations for the minimization of 
the horizon area as given by ([^, if the central 
charge is regarded as a function of both the scalar 
fields and the charges: 


Area//(z, z) 

(5 Area// 
6z 

z 


^ \Ziz,z,p, g)p 

0 —> 

Zfix 


(77) 


6. WORK IN PROGRESS: THE p- 
BRANES OF STRING THEORY AND 
M-THEORY AND SOLVABLE LIE 
ALGEBRAS 

When M-theory (namely the still undefined 
quantum theory whose low energy limit is II- 
dimensional supergravity) is compactified on a 
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torus or 10-dimensional string theory is 

compactified on a torus , the low energy in¬ 
teractions of the massless modes are described by 
maximal supergravity in dimensions D = 10 — r. 
As discussed in a recent series of papers [p3|,[p^. 
It has been known for many years ||2^] that the 
scalar field manifold of both pure and matter cou¬ 
pled N > 2 extended supergravities in £> = 10 —r 
(r = 6 ,5,4,3,2,1) is a non compact homoge¬ 
neous symmetric manifold U(^u^n )/where 
U(^d,n) (depending on the space-time dimensions 
and on the number of supersymmetries) is a non 
compact Lie group and -ff(_D,Ar) C C/(d,w) is a 
maximal compact subgroup. Furthermore, the 
structure of the supergravity lagrangian is com¬ 
pletely encoded in the local differential geome¬ 
try of while an appropriate re¬ 

striction to integers 17(£)_^)(Z) of the Lie group 
U{D,N) is the conjectured U-duality symmetry 
of string theory that unifies T-duality with S- 
duality |2^. 


As we discussed in a recent paper 231, utilizing 
a well established mathematical framework [^ , 
in all these cases the scalar coset manifold U/H 
can be identified with the group manifold of a 
normed solvable Lie algebra: 


U/H ^ exp[S'oZu] 


(78) 


The representation of the supergravity scalar 
manifold M scalar = U/H as the group mani¬ 
fold associated with a normed solvable Lie algebra 
introduces a one-to-one correspondence between 
the scalar fields of supergravity and the gener¬ 
ators Ti of the solvable Lie algebra Solv (U/H). 
Indeed the coset representative L{U/H) of the 
homogeneous space U/H is identified with: 

L{(t)) = exp[(/)^T/] (79) 

where {T/} is a basis of Solv (U/H). 

As a consequence of this fact the tangent bun¬ 
dle to the scalar manifold TAi scalar is identified 
with the solvable Lie algebra: 

TMscalar Solv (U/H) (80) 


and any algebraic property of the solvable alge¬ 
bra has a corresponding physical interpretation 
in terms of string theory massless field modes. 


Furthermore, the local differential geometry of 
the scalar manifold is described in terms of the 
solvable Lie algebra structure. Given the eu¬ 
clidean scalar product on Solv. 

<,> : Solv® Solv (81) 

<X,Y> = <Y,X> (82) 

the covariant derivative with respect to the Levi 
Civita connection is given by the Nomizu opera¬ 
tor d]: 

yX € Solv : JLx : Solv Solv (83) 


yX, Y,Z G Solv : 2 < Z, IL^T > 

=<z,[x,y] > - <x, [Y,z] > 

-<Y, [X, Z] > (84) 


and the Riemann curvature 2-form is given by 
the commutator of two Nomizu operators: 

< W, {[ILx, ILy] - 1L[X,V]}^ >= R'^ziX, Y) (85) 


In the case of maximally extended supergravities 
in £) = 10 — r dimensions the scalar manifold has 
a universal structure: 


Ud _ Er+l[r+l) 
Hjo 


( 86 ) 


where the Lie algebra of the I/ij-group 
is the maximally non compact real section of the 
exceptional E^+i series of the simple complex 
Lie Algebras and H^+i is its maximally com¬ 
pact subalgebra d] . As we discussed in a recent 
paper |d|, the manifolds £'r-i-i(j-i-i)/^^r--i-i share 
the distinctive property of being non-compact 
homogeneous spaces of maximal rank r -|- 1, so 
that the associated solvable Lie algebras, such 
that i?r+i(r-i-i)/77r-i-i = exp [S'oZu(r+i)], have 
the particularly simple structure: 


Solv [Er+l/Hr+l) — Hr+l ©aG$+(£;r+i) 1E'^(87) 

where IE“ C E^+i is the 1-dimensional subalge¬ 
bra associated with the root a 4)+(Ar+i) is the 
positive part of the i?r+i-root-system and Hr+i 
denotes the Cartan subalgebra. 

As shown in [d the solvable Lie algebras 
Solv {Er+i/Hr+i) can be decomposed in a se¬ 
quential way. Indeed we can write the equation: 

©^= 1 IR • Tfe = C Hr+i = ©;illR • Yk (88) 
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where IR • Yfe is the 1-dimensional vector space 
associated with the Cartan generator Yfc. On the 
other hand $"'■(£'^+ 1 ), namely the positive part 
of the Er+i root space is split as follows: 

ci>+(i?,+i) = $+(i?2)0t=IID++i (89) 

where is the one-dimensional root space 

of the U-duality group in H = 9 and are 

the weight-spaces of the irreducible repre¬ 

sentations to which the vector field in H = 10 — r 
are assigned. Alternatively, as it is explained in 
1 ^ , Ar +2 = are the maximal abelian ide¬ 

als of the U-duality group Er +2 in D = 10 — r—l 
dimensions. 

Adopting the short hand notation: 

Tfe.IDfe = 

(90) 

the coset representative for maximal supergravity 
in dimension D = IQ — r can be written as: 

r 

L = exp [</> • H] 

k^l 

r+1 r 

= n n (1+"■- • ( 91 ) 

j=i k=i 

The last line follows from the abelian nature of 
the ideals IDfc and from the position: 

(92) 

Hence the solvable Lie algebra structure provides 
a canonical parametrization of the scalar field 
manifold where the fields associated with the Car- 
tan generators are the generalized dilatons which 
appear in the lagrangian in an exponential way, 
while the fields associated with the nilpotent gen¬ 
erators appear in the lagrangian only through 
polynomials of degree bounded from above. 

Since the fermion transformation rules and 
the associated central charges of all maximally 
extended supergravities are expressed solely in 
terms of the coset representative L {(j)) (see [^ ), 
the method for the derivation of extremal solu¬ 
tions, which in the previous section was applied 
to the case of U = 4, A^ = 2 black-holes, can now 


be extended to the case of extremal p-brane solu¬ 
tions in U = 10 — r. The canonical parametriza¬ 
tion of the scalars through solvable Lie algebras 
hints to a complete solubility of the correspond¬ 
ing first order equations, namely of the analogues 
of eq.s ( ^),(|^ ). This investigation is work in 
progress [|32| by the author and the same collab¬ 
orators as in [^, 1^ ]. 

To illustrate the idea we just recall the results 
obtained in the literature for p-brane solutions. 
In the following bosonic action was consid¬ 
ered: 

S'd = j d^xCo 
C'd = \/detp(^-2i?[p] - 

-( 93 ) 

where is the field strength of an n — 1- 

form gauge potential, </> is a dilaton and a is some 
real number. For various values of n and a, S'^ 
is a consistent truncation of some (maximal or 
non maximal) supergravity bosonic action Sd in 
dimension D. By consistent truncation we mean 
that a subset of the bosonic fields have been put 
equal to zero but in such a way that all solutions 
of the truncated action are also solutions of the 
complete one. The fields that have been deleted 
are: 

1. all the nilpotent scalars 

2. all the Cartan scalars except that which ap¬ 
pears in front of the kinetic term. 

3. all the other gauge g-form potentials except 
the chosen one 

For instance if we choose: 

0=1 ” = {7 ( 94 ) 

eq. (^^ corresponds to the bosonic low energy ac¬ 
tion of = 10 heterotic superstring (N=l, super¬ 
gravity) where the E^ x E% gauge fields have been 
deleted. The two choices 3 or 7 in eq.(|^ corre¬ 
spond to the two formulations (electric/magnetic) 
of the theory. Other choices correspond to trun¬ 
cations of the type IIA or type IIB action in the 
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various intermediate dimensions 4 < I? < 10. 
Since the n — 1-form couples to the 

world volume of an extended object of dimension: 

p = n-2 (95) 


namely a p-brane, the choice of the truncated ac¬ 
tion (93) is motivated by the search for p-brane 
solutions of supergravity. According with the in¬ 
terpretation ( ^^ we set: 

n = p + 2 d = p + 1 

d = D — p — 3 


(96) 


where d is the world-volume dimension of the 
electrically charged elementary p-brane solution, 
while d is the world-volume dimension of a mag¬ 
netically charged solitonic p-brane with p = 
D — p — A. The distinction between elementary 
and solitonic is the following. In the elementary 
case the field configuration we shall discuss is a 
true vacuum solution of the field equations fol¬ 
lowing from the action ( p^ everywhere in D- 
dimensional space-time except for a singular lo¬ 
cus of dimension d. This locus can be interpreted 
as the location of an elementary p-brane source 
that is coupled to supergravity via an electric 
charge spread over its own world volume. In the 
solitonic case, the field configuration we shall con¬ 
sider is instead a bona-fide solution of the super¬ 
gravity field equations everywhere in space-time 
without the need to postulate external elemen¬ 
tary sources. The field energy is however concen¬ 
trated around a locus of dimension p. Defining: 

A = + 2 (97) 

it was shown in that action (^^ admits the 
following elementary p-brane solution 


ds^ 


F 




^ . -4d/A(Z>-2) 

1 -I-= I dx^ (g) dx'' rjul, 

J 



4d/A(n-2) 


dy"* (g) dp” Smn 




A 


ynidyrn 

r 






-2a/A 


(98) 


where x^, (p = 0, ...,p) are the coordinates 
on the p-brane world-volume, y"*, {m = D — 
d + I,... ,D) are the transverse coordinates, r = 
k is the value of the electric charge and: 


A = 2 


d k 

7K 


(99) 


The same authors show that that action (|^) ad¬ 
mits also the following solitonic p-brane solution: 

-4d/A(D-2) 

ds^ = [ 1 -t- ] dx^ (g) dx'' rj^i, 


“ I 1 + ^id 


4d/A(D-2) 


dy"^ (g) dy'^ 


F 


dx^^ A ... A dx^^ A 


/ h ^ 

2a/A 


= (i+;2^ 

) 


pd-\-‘2. 


( 100 ) 


where the D — p — 2-form F is the dual oi F, k 
is now the magnetic charge and: 


A = -2 


d k 

7K 


( 101 ) 


These p-brane configurations are solutions of the 
second order field equations obtained by vary¬ 
ing the action (^). However, when (^) is the 
truncation of a supergravity action both (98) and 
(100) are also the solutions of a, first order differ¬ 
ential system of equations. This happens because 
they are BPS-extremal p-branes which preserve 
a fraction of the original supersymmetries. For 
instance consider the 10-dimensional case where: 


D=10 d = 2 
a = 1 A = 4 


d = 6 
A = ±6fc 


( 102 ) 


so that the elementary string solution reduces to: 
ds^ = exp[2t/(r)] dx^ ® dx" — 

exp[-^t/(r)] dy™ (g dy™ 


exp[2C/(r)] = 


F = 


k 

1 H—^ 

ryJO 


-3/4 


(103) 


6 fc e^ydx^ A dx'^ A 


y™dy’’ 


1-H 


(104) 
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exp[(^(r)] = 1 + 


(105) 


- 1/2 


As already pointed out, with the values (|102|), 


1 . 


the action (|tl4) is just the truncation ot heterotic 
supergravity where, besides the fermions, also the 
Eg, X Eg gauge fields have been set to zero. In this 
theory the SUSY rules we have to consider are 
those of the gravitino and of the dilatino. They 
read: 


Sip^ = V + 


5x = 


^ exp[i(/)] (rApa;. 

+ 9rApg.p) 

exp[-i(^] Tp^pcF^'^'’ 


(106) 


Expressing the lO-dimensional gamma matrices 
as tensor products of the 2-dimensional gamma- 
matrices 7 p (fi = 0,1) on the 1-brane world 
sheet with the 8-dimensional gamma-matrices 
Sm (w = 2,..., 9) on the transverse sp ace it 
i s ea s y to check that in the bac kgro und (lOf), 
(1^),(1^) the SUSY variations (1^) vanish for 
the following choice of the parameter: 


^ - I 1 ^ 


-3/16 


£0 ® r/o 


(107) 


where the constant spinors cq and tjq are respec¬ 
tively 2-component and 16-component and have 
both positive chirality: 

73 eo = eo Sq t]o = r?o (108) 


Eq. (|l08D is the H = 10 analogue of eq.(|22|). Hence 
we conclude that the extremal p-brane solutions 
of all maximal (and non maximal) supergravities 
can be obtained by imposing the supersymmetry 
invariance of the background with respect to a 
projected SUSY parameter of the type (107). 

In the maximal case a general analysis of the 
resulting evolution equation for the scalar fields 
in the solvable Lie algebra representation is work 
in progress 

REFERENCES 


For a summary of the vast recent literature 
on these developments started by E. Wit¬ 
ten and several other authors we refer the 


reader to th e lectures by J.H. Schwarz ([hep 


th/9607201 ) and also to all the other lec- 


2 . 


3. 


tures at the Trieste Spring School 1996. (Nucl. 
Phys. Proc. Suppl. to appear). 

For a review see: P. Ere, Lectures on Special 
Kahler Geometry and Electric-Magnetic Du¬ 
ality Rotations, Nucl. Phys. B (Proc. Suppl.) 
45B,C (1996) 59-114 


4. 


96010291 , R.R. Khuri, jhep-th 96090M 


R. Dijkgraa f, E. Verlinde, H. Verlind e, [hep 
th 9603126] , A. Strominger, C. Vafa, hep-th 


5. 


6 . 


7. 


8 . 


D. Anselmi and P. Ere, Nucl. Phys. B392 
(1993) 401. 

D. Anselmi and P. Ere, Nucl. Phys. B404 
(1993) 288; Nucl. Phys. B416 (1994) 255. 

D. Anselmi and P. Ere, Phys. Lett. B347 
(1995) 247. 

E. Witten, Comm. Math. Phys. 117 (1988) 
353, E. Witten, Comm. Math. Phys. 118 
(1988) 411. 

L. Andrianopoli, M. Bertoli ni, A. Ceresole, R. 
D’Auria, S. Ferrara, P. Ere, hep-th 9603004 to 
appear on Nucl. Phys. B and L. Andrianop¬ 
oli, M. Bertolini, A. Cere sole, R. D’Auria, S. 
Ferrara, P. Ere, T. Magri, hep-th/9605032 , to 
appear on Journal of Geometry and Physics. 
B. de Wit, P. G. Lauwers and A. Van Proeyen 
Nucl. Phys. B255 (1985) 569. 

10. L. Castellani, R. D’Auria and S. Ferrara, 
Phys. Lett. 241B (1990) 57; Class. Quantum 
Grav. 7 (1990) 1767. 

11. R. D’Auria, S. Ferrara and P. Ere, Nucl. Phys. 
B359 (1991) 705. 


9. 


12. G. L. Cardoso, D. Luest, T. Mohaupt, hep- 


th/9608099 


13. R. Kallosh, A. Linde, T. Ortin, A. Peet, A. 
Van Proeyen, Phys. Rev. D46, (1992) 5278 


14. S. Ferrara, R. Kallosh, A. Strominger, hep- 


th/ 9508072 


15. A. Strominger hep-th/9602111 

16. S. Ferrara, R. Kallosh, hep-th/9602136 


17. K. Berhrdt, R. Kallosh, J. Rahmfeld, M. 


Shmakova, Win Kai Wong, hep-th/9608059| 

18. R. Kallosh, B. Kol hep th 9602014 

19. A. Ceresole, R. D’Auria, S. Ferrara, Pro- 








































13 


ceedings of the Trieste workshop on Mirror 
Symmetry and S-Du ality, Trieste 199 5, Ed.s 
Narain and E. Gava. hep-th 950916C 

20. M. Billo, R. D’Auria, S. Ferrara, P. Ere, P. So- 
riani and A. Van Proeyen, R-symmetry and 
the topological twist of N=2 effective super- 
gravities of heterotic strings, hep-th 9505123 , 
to appear on IJMP. 

21. E. Witten Math. Res. Lett. 1 (1994) 484. 

22. N. Seiberg, E. Witten, Nucl. Phys. B426 
(1994) 19 and Nucl. Phys. B431 (1994) 484 

23. L. Andrianopoli, R. D’Auria, S. Ferrara, P. 
Ere and M. Trigiante, R-R Scalars, U-Duality 
and Solvable Lie Algebras , hep-th/9611014| 

24. L. Andrianopoli, R. D’Auria, S. Ferrara, P. 
Ere, R. Minasian and M. Trigiante, Solvable 
Lie Algebras in Type LLA, Type LLB and M 
Theories , hep-th 9612202 


25. A. Salam and E. Sezgin, Supergravities in di¬ 
verse Dimensions Edited by A. Salam and E. 
Sezgin, North-Holland, World Scientific 1989, 
vol. 1 

26. E. Cremmer, in Supergravity ’81, ed. by S. 
Ferrara and J.G. Taylor, pag. 313 

27. C.M. Hull and P.K. Townsend, Nucl. Phys. 
B438 (1995) 109. 

28. S. Helgason, Differential Geometry and Sym¬ 
metric Spaces, New York: Academic Press 
(1962). 

29. D.V. Alekseevskii, Math. Izv. USSR, Vol. 9 
(1975), No.2 

30. L. Andrianopoli, R. D’Auria and S. Ferrara, 
U-Duality and Central Charges in Various 
Dimensions Revisited, hep-th 9612105| 

31. H.Lu, G.N. Pope, E. Sezgin and K.S. Stelle, 
hep th 9508042, H. Lu, G.N. Pope, hep th 
9605082, M. J. Duff, H. Lu and G.N. Pope, 
hep th 9604052, H.Lu, G.N. Pope and K.S. 
Stelle hep the 9602140. 

32. L. Andrianopoli, R. D’Auria, S. Ferrara, P. 
Ere and M. Trigiante, work in progress. 











